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Abstract
We generalize a theorem of E. Michael and M. E. Rudin [23, Theorem 1.1]
and a theorem of D. Preiss and P. Simon [27, Corollary 7]; we give, as well,
some partial answers to a recent question of A. V. Arhangel’skiˇı.
1 Introduction
In the first part [13] of this paper, we supplied with proofs a part of the results
announced (without any proofs) in our paper [10]. Here we will give the proofs of the
remaining part of the assertions from [10] and we will obtain some new results as well.
The paper [10] was inspired by the following question of A. V. Arhangel’skiˇı (posed
in 1982): “When does a space X have a compactification cX which is an Eberlein
compact?”, and by some related problems. The above question arose naturally from
the following theorem of A. V. Arhangel’skiˇı proved in 1977 ([5, Theorem 14]):
every metrizable space has a compactification which is an Eberlein compact. Since
the closed subspaces of Eberlein compacta are Eberlein compacta, the Arhangel’skiˇı
question is equivalent to the following problem: find an internal characterization of
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the subspaces of Eberlein compacta. Let’s note that in 1974 H. P. Rosenthal [28]
gave an internal characterization of Eberlein compacta (see Theorem 2.1 below).
In [10, 13] we characterized internally the subspaces of Eberlein compacta, as well
as the subspaces of Corson compacta, of uniform Eberlein compacta, of n-uniform
Eberlein compacta (in the sense of B. A. Pasynkov [25]) and of strong Eberlein
compacta.
This paper is organized as follows. Section 2 contains some preliminary results
and some definitions which are indispensable for our exposition. In Section 3 we
generalize (by our Theorem 3.6) a theorem of E. Michael and M. E. Rudin [23,
Theorem 1.1] (see Theorem 3.1 below). The proof of Theorem 3.6 is based on the
Michael-Rudin characterization of Eberlein compacta [22, Theorem 1.4, (a)↔(e)]
and on our Theorem 3.5 in which, modifying Michael-Rudin’s proof of [22, Theorem
1.4, (a)↔(e)], we obtain a new characterization of uniform Eberlein compacta which
is similar to that of Eberlein compacta given by E. Michael and M. E. Rudin.
In Section 4 we generalize (by our Theorem 4.5) a theorem of D. Preiss and P.
Simon [27, Corollary 7] (see Theorem 4.1 below). For doing this, we introduce
the notion of Fτ -embedded subspace, where τ is a cardinal number. We give some
sufficient conditions for Fτ -embeddability (see Theorem 4.8). The last theorem
implies, in particular, that: (a) every metrizable dense subspace Y of a space X
is Fℵ0-embedded in X , (b) if X is a T4-space, Y ⊆ X and nw(Y ) ≤ τ , then Y is
Fτ -embedded in X . Using the ideas of the proof of Theorem 4.5, we obtain some
conditions such that if a rim-compact space X satisfies them, then its Freudenthal
compactification FX is an Eberlein compact or a strong Eberlein compact (see
Theorem 4.13 and its corollaries). Almost all of the results from Sections 3 and
4 were announced without any proofs in our paper [10], and the remaining results
from these sections are from [11]. Section 5 contains only new results. With them
we give some partial answers to the following recent question of A. V. Arhangel’skiˇı:
“Is it true that if a Tychonoff space X has a σ-disjoint base then it can be embedded
in an Eberlein compact?”. We prove, in particular, that any T0-space which has
a σ-disjoint base consisting of clopen sets can be embedded in a zero-dimensional
uniform Eberlein compact (see the more general Theorem 5.4). We show, as well,
that if the answer to the just mentioned question of A. V. Arhangel’skiˇı is “Yes”,
then every Tychonoff space with a σ-disjoint base has a σ-point-finite base consisting
of cozero-sets (see Corollary 5.9).
We now fix the notation.
If A is a set, we denote by |A| its cardinality and by exp(A) its power set. If
U is a family of subsets of A and a ∈ A, then we set
U(a) = {U ∈ U | a ∈ U}.
If (X, τ) is a topological space and M is a subset of X , we denote by cl(X,τ)(M) (or
simply by cl(M) or clX(M)) the closure ofM in (X, τ) and by int(X,τ)(M) (or briefly
by int(M) or intX(M)) the interior of M in (X, τ). The set of all positive natural
numbers is denoted by N, the real line (with its natural topology) – by R, and the
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subspaces [0, 1] and {0, 1} of R – by I and D, respectively. As usual, ω = N ∪ {0}.
The Stone-Cˇech compactification of a Tychonoff space X is denoted by βX .
Let X be a dense subspace of a space Y and U ⊆ X . The extension of U in
Y , denoted by ExY U , is the set Y \ clY (X \ U); recall that if U is open in X then
ExY U is the largest open subset of Y whose trace on X is U .
By a neighborhood U of a point x of a topological space X we mean a neigh-
borhood in the sense of Bourbaki (i.e., x ∈ intX(U)).
If X is a topological space then we denote by R(X) the set of all points of X
without compact neighborhoods.
If X is a topological space and f : X −→ I is a continuous function, then
we write, as usual, Z(f) = f−1(0) (the zero-set of f) and coz(f) = X \ Z(f) (the
cozero-set of f). We set Z(X) = {Z(f) | f : X −→ I is a continuous function} and
Coz(X) = {coz(f) | f : X −→ I is a continuous function}.
We denote by Q the set of all rational numbers, by P the set of all irrational
numbers, and by Q1 the set of all positive rational numbers less than 1.
We denote by CO(X) the collection of all clopen (= closed and open) subsets
of X .
We denote by S : Bool −→ Stone the Stone duality functor between the
category Bool of Boolean algebras and Boolean homomorphisms and the category
Stone of compact zero-dimensional Hausdorff spaces and continuous maps (see, e.g.,
[20]).
All notions and notation which are not explained here can be found in [16, 20].
By a “space” we will mean a “topological T0-space”.
2 Preliminaries
Let Γ be an index set and let IΓ (respectively, DΓ) be the Cartesian product of |Γ|
copies of I (respectively, D) with the Tychonoff topology. We set
Σ∗(I,Γ) = {x ∈ I
Γ | (∀ε > 0)(|{γ ∈ Γ | x(γ) ≥ ε}| < ℵ0)},
σ(D,Γ) = {x ∈ DΓ | |{γ ∈ Γ | x(γ) = 1}| < ℵ0},
and the topology on these subsets of IΓ is the subspace topology. Obviously,
σ(D,Γ) ⊆ Σ∗(I,Γ).
Let U be a family of subsets of a set X . Recall that by an order of the family U
(denoted by ord(U)) we mean the largest integer n such that the family U contains
n+1 sets with non-empty intersection, or the “infinite number”∞, if no such integer
exists. Thus, if ord(U) = n ∈ ω, then any n + 2 members of the family U have an
empty intersection. The family U is called boundedly point-finite ([18]) if it has a
finite order. If the family U is a union of countably many families Un, where n ∈ N,
we will say that U is a σ-point-finite (respectively, σ-boundedly point-finite) family
if all families Un are point-finite (respectively, boundedly point-finite). The family
U is said to be T0-separating if, whenever x 6= y are in X , then there exists U ∈ U
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such that |U∩{x, y}| = 1; in this case we will also say that the family U T0-separates
X . Finally, when X is a topological space and Y ⊆ X , we say that a family U of
subsets of X F-separates Y (see [22]) if, whenever x 6= y are in Y , then there is some
U ∈ U such that x ∈ U and y 6∈ clX(U), or vice versa; when Y = X , we will say
that U is an F-separating family in X .
A compact Hausdorff space is called an Eberlein compact (briefly, EC), if it is
homeomorphic to a weakly compact (i.e., compact in the weak topology) subset of
a Banach space ([21]). D. Amir and J. Lindenstrauss proved that a compact space
is an Eberlein compact if and only if it can be embedded in Σ∗(I,Γ) for some index
set Γ (see [4, Theorem 1]). An internal characterization of Eberlein compacta was
given by H. P. Rosenhthal [28].
Theorem 2.1 ([28]) A compact Hausdorff space X is an Eberlein compact if and
only if it has a σ-point-finite T0-separating collection of cozero-sets.
A compact Hausdorff space that is homeomorphic to a weakly compact subset
of a Hilbert space is called a uniform Eberlein compact (briefly, UEC); this class of
spaces was introduced by Benyamini and Starbird in [8]. Let us recall the following
result:
Theorem 2.2 ([7]) Let X be a compact Hausdorff space. Then X is a uniform
Eberlein compact iff X has a σ-boundedly point-finite, T0-separating family of cozero
sets.
A compact space X is called a strong Eberlein compact (briefly, SEC) ([30, 7,
28]) if it can be embedded in σ(D,Γ) for some set Γ. Equivalently, a compact space
is a SEC iff it has a point-finite, T0-separating family of clopen sets. K. Alster [3]
proved that a space is a SEC iff it is a scattered EC.
Definition 2.3 ([10, 12]) Let X be a space and V a subset of it. If there exists
a collection U(V ) = {Un(V ) | n ∈ N} such that V =
⋃
{Un(V ) | n ∈ N} and
Un(V ) ⊆ Un+1(V ), U2n−1(V ) ∈ Z(X), U2n(V ) ∈ Coz(X) for every n ∈ N, then we
say that the set V is U-representable and the collection U(V ) is a U-representation of
V . If α is a family of subsets of X and, for every V ∈ α, U(V ) is a U-representation
of V , then the family U(α) = {U(V ) | V ∈ α} is called a U-representation of α.
We will need the following lemma:
Lemma 2.4 ([12]) Let X be a space and U(V ) = {Un(V ) | n ∈ N} be a U-
representation of a subset V of X. Then there exists a continuous function f :
X −→ I such that V = coz(f) and f−1([ 1
2n−1
, 1]) = U2n−1(V ), for every n ∈ N.
The definition given below was inspired by the results of B. Efimov and G.
Cˇertanov [15]:
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Definition 2.5 ([10]) A family α of subsets of a space X is said to be an almost
subbase of X if there exists a U-representation U(α) of α such that the family
α ∪ {X \ U2n−1(V ) | V ∈ α, n ∈ N} is a subbase of X .
Remark 2.6 Every almost subbase α of a space X consists of cozero-sets because
a subset of X is U-representable iff it is a cozero-set. Obviously, a U-representable
set V can have many different U-representations.
It is easy to see that a space has an almost subbase iff it is completely regular
(see [10, 12]).
Definition 2.7 ([26, 17, 10]) A family α of subsets of a set X is called strongly
point-finite if every subfamily µ of α with |µ| = ℵ0 contains a finite subfamily µ
′
with empty intersection. A family of subsets of a set X is called σ-strongly point-
finite if it is a union of countably many strongly point-finite families.
Obviously, every strongly point-finite family is a point-finite family; the con-
verse is not true.
Recall that a family {As | s ∈ S} of subsets of a set X is star-finite if for
every s0 ∈ S the set {s ∈ S | As ∩ As0 6= ∅} is finite (see, e.g., [16]). Clearly, any
star-finite family is strongly point-finite. The converse is not true. For example, in
R2, the family A = {{ 1
n
}× [0, 1] | n ∈ N}∪{[0, 1]×{0}} is strongly point-finite but
it is not star-finite.
Remark 2.8 In [13] we noted that if α is an almost subbase of a T0-space then the
family
α ′ = α ∪ {f−1V ((r, 1]) | V ∈ α, r ∈ Q1}
(where, for any V ∈ α, fV is the function constructed in Lemma 2.4 on the base
of the given U-representation U(V ) of V ) is an F-separating family and an almost
subbase. Moreover, when α is a σ-point-finite (respectively, σ-strongly point-finite;
σ-boundedly point-finite) family then α ′ has the same property.
The next lemma will be used frequently:
Lemma 2.9 ([11, 13]) Let X be a dense subspace of a space Y and γ be a strongly
point-finite (respectively, boundedly point-finite) family of open subsets of X. Then
the family
ExY γ = {ExY U | U ∈ γ}
is a strongly point-finite (respectively, boundedly point-finite) family of open subsets
of Y .
Theorem 2.10 ([13]) Let X be a compact Hausdorff space. Then X is an EC
(respectively, UEC) iff X has a σ-strongly point-finite almost subbase (respectively,
σ-boundedly point-finite almost subbase); X is a strong Eberlein compact iff it has a
strongly point-finite family α consisting of clopen sets such that α∪{X \V | V ∈ α}
is a subbase of X.
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Definition 2.11 ([10]) A space X is called an Eberlein space (brieily, E-space)
(respectively, UE-space) ifX has a σ-strongly point-finite (respectively, σ-boundedly
point-finite) almost subbase. A space X is said to be a SE-space if it has a strongly
point-finite family α of clopen subsets such that α ∪ {X \ V | V ∈ α} is a subbase
of X .
Theorem 2.12 ([10, 13]) A space X has a compactification cX which is an Eberlein
compact (respectively, uniform Eberlein compact; strong Eberlein compact) iff it is
an E-space (respectively, UE-space; SE-space).
Corollary 2.13 ([10, 13]) A space X is a subspace of an Eberlein compact (respec-
tively, UEC; SEC) iff it is an E-space (respectively, UE-space; SE-space).
3 On a theorem of E. Michael and M. E. Rudin
In [23], E. Michael and M. E. Rudin proved the following theorem:
Theorem 3.1 ([23, Theorem 1.1]) If X is compact Hausdorff, and if X = X1 ∪X2
with X1 and X2 metrizable, then cl(X1) ∩ cl(X2) is metrizable and X is an EC.
We are now going to generalize it. We will need some preliminary results.
Let’s first recall the following lemmas from [22]:
Lemma 3.2 ([22, Lemma 3.2]) Let (X,T) be Tychonoff, λ = |X| and U ∈ T. Then
there is an open cover {Vα | α < λ} of U , and a closed (in X) cover {Sα,m | α <
λ,m ∈ N} of U , such that:
(a) Sα,m ⊆ Vα ⊆ U for all α,m,
(b) If α > β, then Sα,m ∩ Vβ = ∅ for all m.
Lemma 3.3 ([22, Lemma 3.3]) Let X be a space, U be an F-separating open cover
of X, and A,B be disjoint compact subsets of X. Then there is a finite E ⊆ U which
F-separates any x ∈ A from any x ′ ∈ B.
In [22], E. Michael and M. E. Rudin proved the following theorem (since we
will use later on the proof of this theorem and the notation introduced there, we will
recall here (for convenience of the reader) the Michael-Rudin proof of this theorem):
Theorem 3.4 ([22, Theorem 1.4]) A compact Hausdorff space X is an EC iff it has
an F-separating σ-point-finite family of open subsets.
Proof. (⇒) By the Rosenthal Theorem 2.1, X has a σ-point-finite T0-separating
collection U of cozero-sets. Fix, for every U ∈ U, a function fU : X −→ [0, 1] such
that U = f−1((0, 1]). Then the family U ′ = {f−1U ((
1
n
, 1]) | n ∈ N, u ∈ U} is the
required F-separating σ-point-finite family of open subsets.
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(⇐) Let X have an F-separating family U =
⋃
{Un | n ∈ N} of open subsets, where
all families Un, n ∈ N, are point-finite. We may suppose that Un ⊆ Un+1 and Un
covers X , for all n ∈ N.
Let λ = |X| . For every U ∈ U choose, using Lemma 3.2, an open cover
{Vα(U) | α < λ} of U , and a closed (in X) cover {Sα,m(U) | α < λ,m ∈ N} of U ,
such that:
(aU) Sα,m(U) ⊆ Vα(U) ⊆ U for all α,m,
(bU) if α > β, then Sα,m(U) ∩ Vβ(U) = ∅ for all m.
For every U ∈ U, for every α < λ and for every m ∈ N, we shall define a
positive integer k = kα,m(U) such that
if x, x ′ ∈ X, if Uk(x) = Uk(x
′) and if x ∈ Sα,m(U), then x
′ ∈ Vα(U).(1)
To define k, let A = Sα,m(U) and B = X \ Vα(U). Then, by Lemma 3.3, there
exists a finite subfamily E of U which F-separates any x ∈ A from any x ′ ∈ B. Pick
k so that E ⊆ Uk; this k satisfies (1).
Let U ∈ U, α < λ, m ∈ N and let k = kα,m(U). Define
Hα,m(U) =
⋃
{
⋂
Uk(x) | x ∈ Sα,m(U)}.
Then Hα,m(U) is an open subset of X and Hα,m(U) ⊇ Sα,m(U). Choose an open
Fσ-subset Wα,m(U) of X such that
Sα,m(U) ⊆ Wα,m(U) ⊆ Hα,m(U) ∩ Vα(U) ⊆ U.
Define
W = {Wα,m(U) | U ∈ U, α < λ,m ∈ N}.
We will show that W is a σ-point-finite T0-separating family of Fσ-subsets of X ,
thereby completing our proof (using the Rosenthal Theorem 2.1).
(A.) W T0-separates X: Let x, y ∈ X and x 6= y; then ∃U ∈ U such that |U ∩
{x, y}| = 1. Let, e.g., x ∈ U and y 6∈ U . Then ∃α < λ and ∃m ∈ N such that
x ∈ Sα,m(U). Hence x ∈ Wα,m(U) and y 6∈ Wα,m(U).
(B.) W is σ-point-finite: For m,n, k ∈ N, let
Wm,n,k = {Wα,m(U) | U ∈ Un, α < λ, k = kα,m(U)}.
Then, obviously, W =
⋃
{Wm,n,k | m,n, k ∈ N}, so that we only need to show that
the family Wm,n,k is point-finite for every m,n, k ∈ N.
Suppose some Wm,n,k were not point-finite. Then there are distinctWαj ,m(Uj),
j ∈ N, in Wm,n,k all containing some point x
∗ ∈ X . Then x∗ ∈ Hαj ,m(Uj) for all
j ∈ N, so there are xj ∈ Sαj ,m(Uj), j ∈ N, such that x
∗ ∈
⋂
Uk(xj) for all j ∈ N.
Hence Uk(x
∗) ⊇ Uk(xj) for all j ∈ N. Since Uk(x
∗) is finite, we may assume, by
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passing to a subsequence, that Uk(xi) = Uk(xj) for all i, j ∈ N. Now, by (1), it
follows that xi ∈ Vαj (Uj) for all i, j ∈ N. Then
xi ∈ Sαi,m(Ui) ∩ Vαj(Uj) for all i, j ∈ N.(2)
We now distinguish two cases to obtain our contradiction:
Case 1. There are i 6= j with Ui = Uj: Then αi 6= αj; suppose αi > αj. Hence (2)
implies that (writing U for Ui = Uj) xi ∈ Sαi,m(U)∩Vαj (U), contradicting condition
(bU).
Case 2. The Uj are all distinct: Let E = {xj | j ∈ N}. Since xi ∈ Vαj(Uj) ⊆ Uj for
all i, j ∈ N, we have that E ⊆
⋂
{Uj | j ∈ N}. But each Uj belongs to Un and Un is
point-finite. Hence, since the Uj are all distinct,
⋂
{Uj | j ∈ N} = ∅. Since E 6= ∅,
we get a contradiction.
Therefore, all Wm,n,k are point-finite.
A modification of the proof of the Michael-Rudin Theorem 3.4 yields the next
result:
Theorem 3.5 ([11]) A compact Hausdorff space X is a UEC iff it has an F-
separating σ-boundedly point-finite family of open subsets.
Proof. (⇒) By Theorem 2.2, X has a T0-separating σ-boundedly point-finite family
of cozero subsets. Now, exactly as in the proof of the necessity of Theorem 3.4, we
get that X has an F-separating σ-boundedly point-finite family of open subsets.
(⇐) Let U =
⋃
{Un | n ∈ N} be an F-separating open family in X , where all
Un are boundedly point-finite collections. We may suppose that Un ⊆ Un+1 and Un
covers X , for all n ∈ N.
For every n ∈ N, let
n¯ = 1 + ord(Un).
Now, we define, as in the proof of Theorem 3.4, the family W and the families
Wm,n,k, where m,n, k ∈ N. Then, as it it shown in the proof of Theorem 3.4, W is a
T0-separating family in X , W =
⋃
{Wm,n,k | m,n, k ∈ N} and W consists of cozero
subsets of X . We will prove that all families Wm,n,k are boundedly point-finite. In
what follows, we shall use the notation from the proof of Theorem 3.4.
We shall prove that for all m,n, k ∈ N,
ord(Wm,n,k) < 2
k¯ · n¯.
Let m,n, k ∈ N. Suppose that there exists x∗ ∈ X such that |Wm,n,k)(x
∗)| >
2k¯ · n¯. Let n0 = 1+2
k¯ · n¯. Then there are distinct Wαj ,m(Uj), j = 1, . . . , n0, in Wm,n,k
all containing the point x∗. Set J = {1, . . . , n0}. Then x
∗ ∈ Hαj ,m(Uj) for every
j ∈ J . Hence there are points xj ∈ Sαj ,m(Uj), j ∈ J , such that x
∗ ∈
⋂
Uk(xj) for
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all j ∈ J . Therefore, Uk(x
∗) ⊇ Uk(xj) for all j ∈ J . We have that |Uk(x
∗)| ≤ k¯. Let
P = exp(Uk(x
∗)). Then, setting, for all j ∈ J , ϕ(j) = Uk(xj), we define a function
ϕ : J −→ P.
Suppose that |ϕ−1(p)| ≤ n¯ for all p ∈ P . Then we will obtain that n0 = |J | ≤
|P | · n¯ ≤ 2k¯ · n¯ < n0, which is a contradiction. Hence, there exists p0 ∈ P such that
|ϕ−1(p0)| > n¯. This implies that there exists a subset I of J such that |I| = n¯ + 1
and Uk(xi) = Uk(xj) for all i, j ∈ I. Then, by (1), we obtain that xi ∈ Vαj (Uj) for
all i, j ∈ I. Hence, we have that
xi ∈ Sαi,m(Ui) ∩ Vαj (Uj) for all i, j ∈ I.(3)
Now there are two cases.
Case 1. There are i 6= j, i, j ∈ I, with Ui = Uj: Then αi 6= αj (because all the sets
Wal,m(Ul), l ∈ J , are distinct). Suppose αi > αj . Then (3) implies that (writing U
for Ui = Uj) xi ∈ Sαi,m(U) ∩ Vαj (U), contradicting condition (bU) from the proof of
Theorem 3.4.
Case 2. The Uj are all distinct, j ∈ I: Let E = {xj | j ∈ I}. Since xi ∈ Vαj (Uj)
for all i, j ∈ I (by (3)), we have that E ⊆
⋂
{Uj | j ∈ I}. However all Uj belong
to Un and ord(Un) = n¯ − 1. Hence
⋂
{Uj | j ∈ I} = ∅. Since E 6= ∅, we get a
contradiction.
Therefore, all families Wm,n,k are boundedly point-finite. Thus W is a T0-
separating σ-boundedly point-finite family of cozero subsets of X . Now, Theorem
2.2 implies that X is a UEC.
Following the ideas of the proof of Theorem 3.1 of E. Michael and M. E. Rudin,
we obtain such a generalization of it:
Theorem 3.6 ([10, Theorem 3]) If X is compact Hausdorff, and if X = X1 ∪ X2
with X1 and X2 having σ-strongly point-finite (resp. σ-boundedly point-finite) bases,
then cl(X1) ∩ cl(X2) is metrizable and X is an EC (resp., a UEC).
Proof. For i = 1, 2, let Ui be a σ-strongly point-finite (resp., σ-boundedly point-
finite) base for Xi. For i = 1, 2 and any U ∈ Ui, let Φi(U) be an open subset of X
such that Φi(U) ∩Xi = U . Let
U = {Φi(U) ∩ cl(X1) ∩ cl(X2) | U ∈ Ui, i = 1, 2}.
We will prove that U is a σ-point-finite (resp. σ-boundedly point-finite) base of
X0 = cl(X1) ∩ cl(X2).
Let us first show that U is a base of X0. Since cl(X1) \X1 ⊆ X2, we have that
(cl(X1) \ X1) ∩ (cl(X2) \ X2) = ∅. Thus X0 = (X1 ∩ cl(X2)) ∪ (cl(X1) ∩ X2). Let
x ∈ X0, Oo be an open neighborhood of x in X0 and O be an open subset of X such
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that O ∩X0 = O0. Let V be an open neighborhood of x in X such that cl(V ) ⊆ O.
Now there are two possibilities:
Case 1. x ∈ X1 ∩ cl(X2). Then there exists U ∈ U1 such that x ∈ U ⊆ V ∩ X1.
We will show that x ∈ Φ1(U) ∩ X0 ⊆ O0. Obviously, x ∈ Φ1(U) ∩ X0. Further,
Φ1(U) ∩ cl(X1) ⊆ Excl(X1)(U) ⊆ clcl(X1)(U) = clX(U) and thus Φ1(U) ∩ X0 ⊆
cl(U)∩cl(X2) ⊆ cl(V )∩cl(X2) ⊆ cl(V ) ⊆ O. Hence, x ∈ Φ1(U)∩X0 ⊆ O∩X0 = O0
and Φ1(U) ∩X0 ∈ U.
Case 2. x ∈ X2 ∩ cl(X1). Then the proof is analogous to that of Case 1.
So, U is a base of X0. Now, Lemma 2.9 implies that for i = 1, 2, Excl(Xi)(Ui) is
a σ-point-finite family (resp., σ-boundedly point-finite family) and, hence, U is such
a family too. Therefore, X0 = cl(X1)∩ cl(X2) has a point-countable base. Then, by
the Miˇscˇenko Theorem (see, e.g., [16, 3.12.23(f)]), X0 is a metrizable space.
Let B be a countable base of X0. Then for every V1, V2 ∈ B such that
clX0(V1) ∩ clX0(V2) = ∅ (equivalently, clX(V1) ∩ clX(V2) = ∅) there exists an open
subset WV1,V2 of X such that clX(V1) ⊆ WV1,V2 ⊆ clX(WV1,V2) ⊆ X \ clX(V2). Let
V = {WV1,V2 | V1, V2 ∈ B, clX(V1) ∩ clX(V2) = ∅}. Let Y = X \X0. Then Y is an
open subset of X and Y is a disjoint sum of the spaces X1∩Y and X2∩Y . Since the
spaces X1∩Y and X2∩Y have σ-point-finite (resp. σ-boundedly point-finite) bases,
the space Y also has such a base W. Moreover, we can suppose that clX(W ) ⊆ Y ,
for every W ∈ W. Let Ω = V ∪W. Then, obviously, Ω is an F-separating open
family in X . Moreover, it is a σ-point-finite (resp. σ-boundedly point-finite) family.
Therefore, by the Michael-Rudin Theorem 3.4 (resp., by Theorem 3.5), we get that
X is an EC (resp., UEC).
Corollary 3.7 If X has a σ-strongly point-finite (resp., σ-boundedly point-finite)
base and has a compactification bX with remainder Y which also has a σ-strongly
point-finite (resp., σ-boundedly point-finite) base, then bX is an EC (resp., UEC)
and clbX(Y ) is metrizable.
4 On a theorem of D. Preiss and P. Simon
We are now going to generalize the following theorem of D. Preiss and P. Simon:
Theorem 4.1 ([27, Corollary 7]) If X is EC and Y is a dense proper subspace of
X, then X 6= βY .
It follows immediately from another theorem of D. Preiss and P. Simon:
Theorem 4.2 ([27, Corollary 6]) A pseudocompact subspace of an Eberlein compact
is closed and hence it is an Eberlein compact, too.
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Indeed, as it is stated in [27], for proving Theorem 4.1 one can argue as follows:
if X = βY then, obviously, X = β(X \{x}) for any x ∈ X \Y ; then X \{x} is a non-
closed pseudocompact subspace (see, e.g., [16, 3.12.16(b)]) of X , which contradicts
Theorem 4.2.
Remark 4.3 Let us note that Theorem 4.2 can be also proved using the Yakovlev
Theorem ([34, Corollary 2]) (= every Eberlein compact is hereditarily σ-metacom-
pact) and Uspenskii’s Theorem ([32, Proposition]) (= every σ-point-finite open cover
of a pseudocompact space X contains a finite subfamily whose union is dense in X)
(the later implies immediately that every σ-metacompact pseudocompact regular
space is compact). Note that the cited theorems of Yakovlev and Uspenskii were
published many years after the publication of the Preiss-Simon Theorem 4.2.
We will need the following definition from [10]:
Definition 4.4 ([10, Definition 5]) Let X be a space, Y ⊆ X and τ be a cardinal
number. The subspace Y is said to be Fτ -embedded in X if there exists a family U
which is the union of τ point-finite open families in X and which F-separates Y .
Now, we will prove a theorem which, as we will see below in Remark 4.6,
generalizes the Preiss-Simon Theorem 4.1.
Theorem 4.5 ([10, Theorem 4]) Let X be compact Hausdorff and X = Y ∪ Z,
where Y is a proper dense E-subspace of X and Z is Fℵ0-embedded in X. Then
X 6= βY .
Proof. By Definition 2.11 and Remark 2.8, there exists a σ-strongly point-finite
F-separating almost subbase αY of Y . Since Z is Fℵ0-embedded in X , there exists
a σ-point-finite family αZ of open subsets of X which F-separates Z.
Suppose that X = βY . Let
α = {ExX(V ) | V ∈ αY } ∪ αZ .
Note that, by Lemma 2.9,
the family ExX(αY ) is σ-point-finite(4)
and thus the family α is σ-point-finite. For every V ∈ αY there exists a U-
representation U(V ) = {Un(V ) | n ∈ N} of V in Y such that the family
α ′Y = αY ∪ {Y \ U2n−1(V ) | V ∈ αY , n ∈ N}
is a subbase of Y ; for every n ∈ N, we have that U2n−1(V ) is a zero-set in Y , U2n(V )
is a cozero-set in Y and U2n−1(V ) ⊆ U2n(V ). Then, by [16, Theorem 1.5.14], for
every V ∈ αY and for every n ∈ N there exists a continuous function fn,V : Y −→ I
such that f−1n,V (0) = U2n−1(V ) and f
−1
n,V (1) = Y \ U2n(V ). Set, for every V ∈ αY
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and every n, k ∈ N, U2k−12n−1(V ) = f
−1
n,V ([0,
1
2k
]) and U2k2n−1(V ) = f
−1
n,V ([0,
1
2k
)). Then
U2n−1(V ) =
⋂
{Uk2n−1(V ) | k ∈ N},
Uk+12n−1(V ) ⊆ U
k
2n−1(V ), U
1
2n−1(V ) ⊆ U2n(V ),(5)
U2k−12n−1(V ) is a zero-set in Y and U
2k
2n−1(V ) is a cozero-set in Y , for every k ∈ N. Let
α ′ = α ∪ {ExXU2n(V ) | V ∈ αY , n ∈ N} ∪ {ExXU
2k
2n−1(V ) | V ∈ αY , n, k ∈ N}.
We will show that α ′ is an F-separating family in X . Indeed, let x, y ∈ X and
x 6= y.
Case 1: x, y ∈ Y . Then there exists V ∈ αY such that x ∈ V and y 6∈ clY (V ) or vice
versa. Thus x ∈ ExX(V ) ∈ α ⊆ α
′ and y 6∈ clX(V ) = clX(ExX(V )) or vice versa.
Case 2: x, y ∈ Z. Then there exists W ∈ αZ ⊆ α
′ such that x ∈ W , y 6∈ clX(W ) or
vice versa.
Case 3: x ∈ Y , y ∈ Z or vice versa. Clearly, it is enough to consider the case when
x ∈ Y and y ∈ Z. There exist disjoint open in X neighborhoods Ox and Oy respec-
tively of x and y. Now, there exists a finite subfamily βx of the family α
′
Y such that
x ∈
⋂
βx ⊆ Y ∩ Ox. Then y 6∈ clX(
⋂
βx). Let βx = {Vi ∈ αY | i = 1, . . . , k} ∪ {Y \
U2nj−1(Wj) |Wj ∈ αY , j = 1, . . . , s}. Then for every i ∈ {1, . . . , k}, there exists mi ∈
N such that x ∈ U2mi(Vi); also, for every j ∈ {1, . . . , s}, there exists lj ∈ N such that
x ∈ Y \U
2lj−1
2nj−1
(Wj). Then x ∈
⋂
{U2mi(Vi) | i = 1, . . . , k} ∩
⋂
{Y \U
2lj−1
2nj−1
(Wj) | j =
1, . . . , s} ⊆
⋂
{U2mi+1(Vi) | i = 1, . . . , k}∩
⋂
{Y \U
2lj
2nj−1
(Wj) | j = 1, . . . , s} ⊆
⋂
βx ⊆
Ox. Hence, since X = βY (and, thus, we can use [33, Theorem 1.46(4)]), we obtain
that y 6∈ clX(
⋂
{U2mi+1(Vi) | i = 1, . . . , k} ∩
⋂
{Y \ U
2lj
2nj−1
(Wj) | j = 1, . . . , s}) =⋂
{clX(U2mi+1(Vi)) | i = 1, . . . , k}∩
⋂
{clX(Y \U
2lj
2nj−1
(Wj)) | j = 1, . . . , s}. Thus we
have the following two possibilities:
(a) There exists i0 ∈ {1, . . . , k} such that y 6∈ clX(U2mi0+1(Vi0)).
Then we have that x ∈ ExX(U2mi0 (Vi0)) ∈ α
′,
clX(ExX(U2mi0 (Vi0))) = clX(U2mi0 (Vi0)) ⊆ clX(U2mi0+1(Vi0))
and hence y 6∈ clX(ExX(U2mi0 (Vi0))).
(b) There exists j0 ∈ {1, . . . , s} such that y 6∈ clX(Y \ U
2lj0
2nj0−1
(Wj0)).
Then y ∈ ExX(U
2lj0
2nj0−1
(Wj0)) ∈ α
′. Since x 6∈ U
2lj0−1
2nj0−1
(Wj0) and
U
2lj0
2nj0−1
(Wj0) ⊆ U
2lj0−1
2nj0−1
(Wj0),
we obtain that x 6∈ clY (U
2lj0
2nj0−1
(Wj0)) and thus x 6∈ clX(ExX(U
2lj0
2nj0−1
(Wj0))).
Therefore α ′ is an F-separating family of open subsets of X . It is easy to see,
using (4), (5) and Definition 2.3, that α ′ is also a σ-point-finite family in X . Thus,
by Theorem 3.4, X is an Eberlein compact. Since X = βY and Y 6= X , using
Theorem 4.1, we get a contradiction.
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Remark 4.6 Let us note that Theorem 4.5 is a generalization of Theorem 4.1.
Indeed, let X be an EC and Y be a dense proper subspace of X . Suppose that
X = βY . Since Y 6= X , there exists a point x ∈ X \ Y . Set Z = {x} and
Y ′ = X \ {x}. Then, by Corollary 2.13, Y ′ is an E-space. Obviously, Z is Fℵ0-
embedded in X , X = Y ′ ∪ Z and X = βY ′. Thus, by Theorem 4.5, we get a
contradiction. So, X 6= βY .
Remark 4.7 Clearly, if Y is Fτ -embedded in X and Z ⊆ Y then Z is Fτ -embedded
in X . Thus, Theorem 4.5 can be reformulated as follows:
Let X be a non-compact E-space, cX be a Hausdorff compactification of X and
cX \X be Fℵ0-embedded in cX. Then cX 6= βX.
Now we will list some sufficient conditions which a subspace Y of a space X
has to satisfy in order to be Fτ -embedded in X , where τ is a cardinal number.
Recall that if X is a topological space then by nw(X) is denoted the network
weight of X (see, e.g., [16]).
Theorem 4.8 ([11]) Let X be a space, Y be a subspace of X and τ be a cardinal
number. Then Y is Fτ -embedded in X if some of the following conditions holds:
(a) X is a normal T1-space, τ ≥ ℵ0 and nw(Y ) ≤ τ ;
(b) Y is a preopen subset of X (i.e. Y ⊆ intX(clX(Y ))) and there is a family α of
open in Y subsets of Y which is the union of τ strongly point-finite collections and
which F-separates Y .
Proof. (a) Let NY be a network in Y with |NY | ≤ τ and let Ω = {(A,B) | A,B ∈
NY , clX(A) ∩ clX(B) = ∅}. For every pair (A,B) ∈ Ω we fix an open subset
W(A,B) of X such that clX(A) ⊆ W(A,B) ⊆ clX(W(A,B)) ⊆ X \ clX(B). Then
W = {W(A,B) | (A,B) ∈ Ω} is a collection of open subsets of X and |W| ≤ τ (thus,
W is the union of τ point-finite collections of open subsets of X). We will show
that W F-separates Y . Indeed, let x, y ∈ Y and x 6= y. Then there are two open
neighborhoods Ox and Oy respectively of x and y such that clX(Ox)∩clX(Oy) = ∅.
There exist A,B ∈ NY such that x ∈ A ⊆ Y ∩ Ox and y ∈ B ⊆ Y ∩ Oy. Then
(A,B) ∈ Ω, x ∈ W(A,B) and y 6∈ clX(W(A,B)). Therefore, Y is Fτ -embedded in X .
(b) Let Z = intX(clX(Y )). Then Y ⊆ Z, Y is dense in Z and Z is open in X . Then,
by Lemma 2.9, the family α ′ = {ExZ(U) | U ∈ α} is the union of τ point-finite
collections of open subsets of X . Obviously, the family α ′ F-separates Y . Therefore,
Y is Fτ -embedded in X .
Corollary 4.9 ([11]) Let X be a space and Y be a preopen (e.g., dense) E-subspace
of X. Then Y is Fℵ0-embedded in X. In particular, every metrizable dense subspace
Y of X is Fℵ0-embedded in X.
Proof. It follows from Definition 2.11, Remark 2.8 and Theorem 4.8(b).
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Corollary 4.10 ([10, Corollary 8] and [11]) Let X be a compact Hausdorff space
and X = Y ∪Z, where Y is a proper dense E-subspace of X. Then X 6= βY if some
of the following conditions holds:
(a) nw(Z) ≤ ℵ0;
(b) w(Z) ≤ ℵ0;
(c) Z is preopen in X and there is a σ-strongly point-finite family of open subsets
of Z which F-separates Z;
(d) Z is a preopen (e.g., dense) E-subspace of X;
Proof. All follows from Theorem 4.5, Theorem 4.8 and Corollary 4.9.
Corollary 4.11 Let X be a non-compact E-space and X = R(X). Then βX \X is
not an E-space.
Proof. Suppose that βX \X is an E-space. Since X = R(X), we get that clβX(βX \
X) = βX (see, e.g., [6]), i.e. βX \X is a dense subspace of βX . Thus, by Corollary
4.10(d), X is not C*-embedded in βX - a contradiction. Therefore βX \X is not
an E-space.
Let us recall a result of P. Simon which will be used below:
Theorem 4.12 ([30, Proposition 9]) A compact Hausdorff space is a SEC if and
only if it has a point-finite T0-separating collection of open sets.
Recall that a subset S of a topological space X is zero-dimensionally embedded
in X if X has a base B for the open sets such that FrX(U) ⊆ X \ S for all
U ∈ B. Also, we have to recall the well-known fact that if X is a rim-compact
space (= semi-compact space = peripherically-compact space) (i.e., a Hausdorff space
which has a base of open sets with compact boundaries) and FX is its Freudenthal
compactification ([19, 24, 1]) (i.e., the largest compactification of X with a zero-
dimensionally embedded remainder) then any two disjoint closed subsets of X with
compact boundaries have disjoint closures in FX ; moreover, if F and G are closed
subsets of X with compact boundaries then clFX(F ∩G) = clFX(F ) ∩ clFX(G).
The proof of the next theorem is similar to that of Theorem 4.5.
Theorem 4.13 ([10, Theorem 5]) Let X be a non-compact SE-space, FX be its
Freudenthal compactification and FX = X ∪ Y , where Y is F1-embedded (resp.,
Fℵ0-embedded) in FX. Then FX is a SEC (resp., EC).
Proof. There exists a strongly point-finite family αX of clopen subsets of X such
that the family
α ′X = αX ∪ {X \ V | V ∈ αX}
is a subbase of X .
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(A) Let Y be F1-embedded in FX. Then there exists a point-finite family αY of
open subsets of FX which F-separates Y . Set
α = αY ∪ {ExFX(V ) | V ∈ αX}.
We will show that α is an F-separating family in FX . Indeed, let x, y ∈ FX and
x 6= y. There are three cases.
Case 1: x, y ∈ X. Then there exists a finite subfamily β of the family α ′X such
that x ∈
⋂
β ⊆ X \ {y}. Obviously, there exists V ∈ β such that y 6∈ V . If
V ∈ αX then we have that x ∈ ExFX(V ), ExFX(V ) ∈ α and y 6∈ clFX(ExFX(V )).
If V 6∈ αX then X \ V ∈ αX . Thus, setting W = X \ V , we get that y ∈ ExFX(W ),
ExFX(W ) ∈ α and x 6∈ clFX(ExFX(W )).
Case 2: x, y ∈ Y . Then there exists V ∈ αY ⊆ α such that x ∈ V and y 6∈ clFX(V )
or vice versa.
Case 3: x ∈ X and y ∈ Y or vice versa. Clearly, it is enough to regard the case
when x ∈ X and y ∈ Y . There exists disjoint open in FX neighborhoods Ox and
Oy of x and y, respectively. There exists a finite subfamily β of the family α ′X
such that x ∈
⋂
β ⊆ X ∩ Ox. Then y 6∈ clFX(
⋂
β). Let β = {Vi ∈ αX | i =
1, . . . , k} ∪ {X \Wj | Wj ∈ αX , j = 1, . . . , l}. Then clFX(
⋂
β) =
⋂
{clFX(Vi) | i =
1, . . . , k} ∩
⋂
{clFX(X \Wj) | j = 1, . . . , l}. There are two possibilities.
(a) There exists i ∈ {1, . . . , k} such that y 6∈ clFX(Vi). Then x ∈ Vi ⊆ ExFX(Vi) ∈ α
and y 6∈ clFX(Vi) = clFX(ExFX(Vi)).
(b) There exists j ∈ {1, . . . , l} such that y 6∈ clFX(X \ Wj). Then y ∈ FX \
clFX(X \Wj) = ExFX(Wj) ∈ α. Since x 6∈ Wj and Wj is closed in X , we get that
x 6∈ clFX(Wj). Note, finally, that clFX(Wj) = clFX(ExFX(Wj)). Therefore, x and y
are F-separated by α.
So, the family α F-separates FX . By Lemma 2.9, the family ExFX(αX) is
point-finite. Hence, the family α = αY ∪ ExFX(αX) is point-finite. Now, Theorem
4.12 implies that FX is a SEC.
(B) Let Y be Fℵ0-embedded in FX. Then there exists a σ-point-finite family αY of
open subsets of FX which F-separates Y . Now, we show exactly as in (A) that the
family
α = αY ∪ ExFX(αX)
F-separates FX . Using again Lemma 2.9, we get that α is a σ-point-finite family
of open subsets of FX . Thus, by the Michael-Rudin Theorem 3.4, we get that FX
is an EC.
Remark 4.14 We can reformulate Theorem 4.13 as follows:
Let X be a non-compact SE-space, FX be its Freudenthal compactification and
FX \X be F1-embedded (resp., Fℵ0-embedded) in FX. Then FX is a SEC (resp.,
EC).
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Corollary 4.15 ([11]) If X is an an SE-space and nw(FX \X) ≤ ℵ0, then FX is
EC.
Proof. It follows from Theorem 4.13 and Theorem 4.8(a).
Corollary 4.16 ([10, Corollary 10]) If X is SE-space and w(FX \X) ≤ ℵ0, then
FX is EC.
5 On a question of A. V. Arhangel’skiˇı
During the his talk on the international conference “Analysis, Topology and Appli-
cations - 2014”, Vrnjacˇka Banja, Serbia, May 25-29, 2014, A. V. Arhangel’skiˇı asked
the following question:
Question 5.1 Is it true that if a Tychonoff space X has a σ-disjoint base then it
can be embedded in an Eberlein compact?
Let us recall that every perfectly normal space with a σ-disjoint base is metriz-
able (see [2]) and thus, by the Arhangel’skiˇı Theorem [5, Theorem 14], it has a
compactification which is an EC.
The next result follows immediately from Theorem 2.12:
Theorem 5.2 Let X be a Tychonoff space. Then:
(a) If X has a σ-disjoint base of cozero-sets then X can be embedded in a uniform
Eberlein compact;
(b) If X has a σ-strongly point-finite base of cozero-sets then X can be embedded in
an Eberlein compact.
With the next example we show that the class of Tychonoff spaces with a
σ-disjoint base of cozero-sets is strictly larger than the class of metrizable spaces.
Example 5.3 There exists a non-metrizable Tychonoff space X which has a σ-
disjoint base consisting of cozero-sets. Such are, e.g., the following spaces:
(a) The Michael line RQ;
(b) The Corson-Michael example (X, τ) [9, Example 6.4] of a non-metrizable, hered-
itarily paracompact, Lindelo¨f space with a σ-disjoint base.
Proof. (a) For a description of the Michael line RQ see, e.g., [16, Example 5.1.22].
Let B ′ be a σ-discrete base of R with its natural topology and P = {{x} | x ∈ P}.
Then B = B ′ ∪ P is a σ-disjoint base of the Michael line RQ consisting of open
Fσ-subsets of RQ and thus, since RQ is a normal space, of cozero-sets. Finally, by
[16, Problem 5.5.2(d)], RQ is a non-metrizable space.
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(b) We will use the notation from [9, Example 6.4]. The required σ-disjoint base
consisting of cozero-sets can be constructed exactly as in (a): let B ′ be a σ-discrete
base of (X, σ) and P = {{y} | y ∈ Y }. Then B = B ′∪P is a σ-disjoint base of (X, τ)
consisting of open Fσ-subsets of (X, τ) and thus, since (X, τ) is a normal space, of
cozero-sets.
Another partial answer to the Problem 5.1 of A. V. Arhangel’skiˇı gives the
following theorem.
Theorem 5.4 Every space X which has a σ-strongly point-finite family (resp., σ-
boundedly point-finite family) P consisting of clopen sets, such that P ∪ {X \ U :
U ∈ P} is a subbase of X, can be embedded in a zero-dimensional Eberlein compact
(resp., zero-dimensional uniform Eberlein compact). In particular, every space X
which has a σ-strongly point-finite (resp., σ-boundedly point-finite; σ-disjoint) base
consisting of clopen sets can be embedded in a zero-dimensional Eberlein compact
(resp., zero-dimensional uniform Eberlein compact).
Proof. Let B be the Boolean subalgebra of CO(X) generated by the σ-strongly
point-finite family P. Then, clearly, B is a base of X . Let Y = S(B), i.e., Y is the
Stone space of the Boolean algebra B. Then Y is a compactification of X (see [14,
Theorem 13.1 and the paragraph before it]). We shall show that Y is an Eberlein
compact. By the Stone Duality Theorem [31], there exists a Boolean isomorphism
ϕ : B −→ CO(Y ). Let Q = ϕ(P), Q∗ = {Y \Q | Q ∈ Q} and P∗ = {X \U : U ∈ P}.
Obviously, Q is a σ-strongly point-finite family. Thus, having in mind Theorem 2.10,
we need only to show that Q is an almost subbase of Y . Clearly, if V ∈ Q and we
set Un(V ) = V for every n ∈ N, then {Un(V ) | n ∈ N} is a U-representation of V .
Hence, it is enough to show that the family Q ∪ Q∗ is a subbase of Y . Obviously,
ϕ(P ∪ P∗) = Q ∪ Q∗. Since the set of all finite unions of finite intersections of the
elements of the family P∪P∗ coincides with B (see, e.g., [29]), we get that the set of
all finite unions of finite intersections of the elements of the family Q∪Q∗ coincides
with CO(Y ). Since CO(Y ) is a base of Y (by the Stone Duality Theorem [31]), we
get that Q ∪Q∗ is a subbase of Y . Therefore, Q is an almost subbase of Y . So, Y is
a zero-dimensional EC.
The proof for the case when P is a σ-boundedly point-finite family is analogous.
The characterization of the subspaces of ECa, UECa and SECa, given by
Theorem 2.12, is in the spirit of the Rosenthal characterization of ECa [28] (see
Theorem 2.1 here). The Arhangel’skiˇı Question 5.1 shows that it is desirable to
obtain some new characterizations of the subspaces of ECa, UECa and SECa which
are in the spirit of the Michael-Rudin characterization of ECa [22] (see Theorem 3.4
here). The next observation is in this direction.
Theorem 5.5 A compact Hausdorff space is an EC iff it has an F-separating σ-
strongly point-finite family of open subsets.
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Proof. (⇒) In the proof of the necessity of [13, Theorem 3.4, p.76] it is noted that
every EC has an F-separating σ-strongly point-finite family of open subsets.
(⇐) This follows from the Michael-Rudin Theorem 3.4.
The next question arises naturally from Question 5.1 and Theorem 5.2.
Question 5.6 Is it true that if a Tychonoff space X has a σ-disjoint base then it
has a σ-disjoint base consisting of cozero-sets?
Let’s note that in order to answer in the affirmative Question 5.1 one needs to
show, according to Theorem 2.12, that every Tychonoff space with a σ-disjoint base
has a σ-strongly point-finite almost subbase.
We will give below some results which are in the spirit of the Question 5.6.
Proposition 5.7 Every open subset of an E-space is the union of a σ-point-finite
collection of cozero sets.
Proof. As it is noted on p. 493 (after Theorem 5.1) of the Michael-Rudin paper [22],
every open subset of an EC is the union of a σ-point-finite collection of cozero-sets.
Hence, applying Theorem 2.12, we complete the proof of our assertion.
Corollary 5.8 If an E-space (X,T) has a σ-point-finite base, then X has a σ-point-
finite base consisting of cozero sets.
Proof. Let B =
⋃
{Bn | n ∈ N} be a base of X and, for every n ∈ N, Bn be a
point-finite family.
Let n ∈ N. Then, for every U ∈ Bn, we have (by Proposition 5.7) that
U =
⋃
AU , where AU =
⋃
{AmU | m ∈ N} and, for each m ∈ N, A
m
U is a point-finite
family of cozero-sets.
For every m,n ∈ N, set
A
m
n =
⋃
{AmU | U ∈ Bn}.
We will show that for every m,n ∈ N, Amn is a point-finite family and
A =
⋃
{Amn | m,n ∈ N}
is a base of X .
Let x ∈ X and V be an open neighborhood of x. Then there is U ∈ B such
that x ∈ U ⊆ V . There exists n ∈ N such that U ∈ Bn. Then, since U =
⋃
AU ,
there exists W ∈ AU such that x ∈ W ⊆ U . Further, there exists m ∈ N such
that W ∈ AmU . Then W ∈ A
m
n ⊆ A and x ∈ W ⊆ V . So, A is a base of X and
A ⊆ Coz(X).
Let m,n ∈ N. We will show that Amn is a point-finite family. Let x ∈ X . If
x 6∈
⋃
Bn then x 6∈
⋃
Amn and all is clear. Suppose that x ∈
⋃
Bn. Since Bn is a
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point-finite collection, there exist only finitely many elements U1, . . . , Uk of Bn such
that x ∈ Ui for every i = 1, . . . , k. Let i ∈ {1, . . . , k} and x ∈
⋃
A
m
Ui
. Then x
belongs to only finitely many elements of AmUi, because A
m
Ui
is a point-finite family.
Therefore, the point x can belong to only finitely many elements of the family Amn .
Hence, A is a σ-point-finite family.
Corollary 5.9 If the answer to the Question 5.1 is ”Yes”, then every Tychonoff
space with a σ-disjoint base has a σ-point-finite base consisting of cozero sets.
Proposition 5.10 Every open subset of a UE-space (Y,T) is the union of a σ-boun-
dedly point-finite family of cozero sets.
Proof. It follows from the proof of Theorem 3.5 (exactly as Proposition 5.7 was
derived from the proof of Theorem 3.4). Indeed, let V ∈ T. Using Theorem 2.12,
we get that Y has a compactification X which is a UEC. Let U = ExX(V ). Then,
in the notation of the proofs of the sufficiency of Theorems 3.4 and 3.5, we can
suppose that U ∈ U. Further, we have that {Wα,m(U) | α < λ,m ∈ N} is an
open cover of U (because Sα,m(U) ⊆ Wα,m(U) ⊆ U and {Sα,m(U) | α < λ,m ∈ N}
covers U) (see the proof of the sufficiency of Theorem 3.4). Then, clearly, V =⋃
{Y ∩Wα,m(U) | α < λ,m ∈ N}. Since {Wα,m(U) | α < λ,m ∈ N} ⊆W and W is a
σ-boundedly point-finite family of cozero sets in X (as it is shown in the proof of the
sufficiency of Theorem 3.5), we get that V is a union of a σ-boundedly point-finite
family of cozero subsets of Y .
Corollary 5.11 If X has a σ-disjoint base and X is a UE-space then it has a
σ-strongly point-finite base consisting of cozero-sets.
Proof. It is similar to the proof of Corollary 5.8.
Let B =
⋃
{Bn | n ∈ N} be a base of X and, for every n ∈ N, Bn be a disjoint
family.
Let n ∈ N. Then, for every U ∈ Bn, we have (by Proposition 5.10) that
U =
⋃
AU , where AU =
⋃
{AmU | m ∈ N} and, for each m ∈ N, A
m
U is a boundedly
point-finite family of cozero-sets.
For every m,n ∈ N, set
A
m
n =
⋃
{AmU | U ∈ Bn}.
We will show that for every m,n ∈ N, Amn is a strongly point-finite family and
A =
⋃
{Amn | m,n ∈ N}
is a base of X .
The fact that A is a base can be established exactly as in the proof of Corollary
5.8.
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Let m,n ∈ N. We shall show that Amn is a strongly point-finite family. Let
µ ⊆ Amn and |µ| = ℵ0. Let us set µ = {Vk | k ∈ N}. Then, for every k ∈ N, there
exists Uk ∈ Bn such that Vk ∈ A
m
Uk
. Hence, Vk ⊆ Uk, for every k ∈ N. Now, we can
define a function ϕ : N −→ Bn, k 7→ Uk. There are two possibilities:
(a) ϕ is not a constant function. Then there exist k, l ∈ N such that Uk 6= Ul. Since
Bn is a disjoint family, we get that Uk ∩ Ul = ∅. Hence Vk ∩ Vl = ∅ and we set
µ ′ = {Vk, Vl}. Then µ
′ is a finite subfamily of µ and
⋂
µ ′ = ∅.
(b) ϕ is a constant function. Then Uk = U1 for every k ∈ N. Set U = U1. Then
µ ⊆ AmU . Since the order of the family A
m
U is finite, we get that the order of the
family µ is finite. Thus there exists a finite subfamily µ ′ of µ such that
⋂
µ ′ = ∅.
Therefore, Amn is a strongly point-finite family. Thus A is a σ-strongly point-
finite base of X consisting of cozero-sets.
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